We study spin-relaxation phenomena in a two-dimensional electron gas in the presence of Rashba spin-orbit coupling. A tight-binding model including Rashba spin-orbit coupling is used to study spin relaxation and spin diffusion in a two-dimensional electron gas within Landauer-Büttiker formalism. It is shown that the spindiffusion length is not independent of the mean free path as predicted by the motional narrowing effect. Further it is demonstrated that spin relaxation is anisotropic and can show a nonmonotonic dependence on Fermi energy due to nonparabolicity of the band. DOI: 10.1103/PhysRevB.65.241305 PACS number͑s͒: 72.25.Dc, 72.25.Mk The emerging field of spintronics relies on the use of electron spins within semiconductors for the storage of coherence and its possible use for magnetoelectronic applications. For this it is desirable to know how the spin relaxation occurs in semiconductors. One of the ways through which spin polarization can be lost is via spin-orbit coupling. Of particular interest is the Rashba spin-orbit 2 coupling ͑RSO͒, which exists in asymmetric heterostructures and can be controlled by an external gate voltage.
The emerging field of spintronics relies on the use of electron spins within semiconductors for the storage of coherence and its possible use for magnetoelectronic applications. 1 For this it is desirable to know how the spin relaxation occurs in semiconductors. One of the ways through which spin polarization can be lost is via spin-orbit coupling. Of particular interest is the Rashba spin-orbit 2 coupling ͑RSO͒, which exists in asymmetric heterostructures and can be controlled by an external gate voltage.
3, 4 For a two-dimensional electron gas ͑2DEG͒ lying in the xy plane the RSO interaction takes the form H R ϭ␣(k y x Ϫk x y )ϵB ជ R (k ជ )• ជ , where ជ ϭ( x , y , z ) denotes the Pauli spin matrices, ␣ is the RSO coupling parameter, and B ជ R (k ជ ) is the Rashba field. The direction and magnitude of the Rashba field B ជ R (k ជ ) depend on the electron momentum k ជ . RSO coupling causes a slow spin dephasing by a mechanism known as D'yakonov-Perel ', 5 which is a continuous spin precession during electron free flights, contrary to the other spin-relaxation processes like the Elliot-Yafet 6 and Bir-Aronov-Pikus mechanisms, 7 which lead to instantaneous spin flips. When an electron propagates, its spin precesses around the direction of B ជ R (k ជ ). The length over which its spin precesses by an angle is known as spin precession length and is related to ␣ as L sp Ϸ/␣. Scattering from boundary or impurity changes the direction of the Rashba field B ជ R (k ជ ) which depends on the electron wave vector and causes the electron to precess around a new direction. Thus randomizing the precession process causes spin relaxation. The corresponding spin-relaxation time is given by Ϸ1/( 2 el ), where el is elastic-scattering time. 8, 9 The corresponding spin-diffusion length is given as
ϭL sp which is independent of the mean free path (L e ). It is important to realize that although the disorder increases the spin-relaxation time ͑motional narrowing effect 8, 9 ͒, this increase is exactly compensated by the reduction of the diffusion constant, leading to a spindiffusion length that is essentially independent of the disorder. The two latter quantities are probed by different kinds of experiments, namely, in a time-resolved or spatially resolved experiment, respectively. We report numerical calculation on a square lattice of length L x ͑direction of current flow͒ and width L y along the transverse direction, which shows that spin-diffusion length is not independent of the mean free path (L e ) as predicted by the motional narrowing effect. 8 We show that this deviation occurs in two opposite regimes, specifically, ͑i͒ the diffusive regime (L x ӷL e ,L y ӷL e ) when spin precession length is much larger than the mean free path (L sp ӷL e ) and ͑ii͒ the quasiballistic regime (L x ӷL e ,L y ӶL e ) when spin precession length is much smaller than the mean free path (L sp ӶL el ). Further it is shown that in case ͑i͒ where (L sp ӷL el ), the spin-diffusion length can be nonmonotonic as a function of Fermi energy due to nonparabolicity of the band. It is also shown that spin relaxation is anisotropic which has important consequences for the Datta-Das transistor. 10 These important results are reported in this paper. We would like to stress that the results presented here are obtained within the single band tight-binding model using a recursive Green-function method, 11 which is an exact method and takes into account the quantum effects at the single-particle level.
The Hamiltonian of a 2DEG lying in the xy plane in presence of Rashba spin-orbit coupling is in a continuum given by Hϭប 2 (k x 2 ϩk y 2 )/2m*ϩ␣(k y x Ϫk x y )ϩV(x,y), where V(x,y) is the confining potential. For V(x,y) we choose a hard wall confining potential. We discretize the above Hamiltonian on a square lattice of lattice spacing a with N x sites in the longitudinal direction ͑current direction͒ (L x ϭN x a) and N y lattice sites along the transverse direction (L y ϭN y a), attached to two ideal nonmagnetic leads on the left and right. The corresponding tight-binding Hamiltonian, including the RSO, 2 takes the form 11, 12 Hϭ ͚ i j,
Here c i, j, † is the creation operator of an electron with spin at site (i, j), is a random on-site energy ͑we use the random Anderson model for disorder with width W), t is the hopping energy (tϭប 2 /2m*a 2 ; we set tϭ1 for numerical simulation͒, Ј dimension of energy. The RSO coupling causes spin splitting for k ជ 0, ⌬Eϭ2␣k, which is linear in momentum and at the same time causes the spin to precess around the Rashba field B ជ R (k ជ ) with frequency ϭ⌬E/2ប.
For later reference we remind the reader that within the Born approximation the mean free path in two dimensions is given by L e ϭ(12បv f /2N 2d (E f )W 2 )a, W is strength of the Anderson disorder, and N 2d (E F ) is the density of states. Here we also remind that in two dimensions the density of states is singular in the middle of the band, while it goes to a constant near the band edge. We will see later that this can lead to a nonmonotonic behavior for spin-diffusion length as a function of Fermi energy.
The conductance and spin-resolved conductances are calculated using Landauer-Büttiker 13 formalism with the help of nonequilibrium Green's-function formalism.
11
The two-terminal spin-resolved conductance ͑for a given spin-quantization axis͒ is given by 11 
is the selfenergy function for the isolated ideal leads, which are given by ⌫ p(q) ϭt 2 A p(q) , where A p(q) is the spectral density in the respective lead when it is decoupled from the structure, and G 1N x Јϩ and G N x 1 ЈϪ are the retarded and advanced Green's functions of the whole structure, taking leads into account. The trace is over spatial degrees of freedom. The total conductance is the sum of the spin-conserved conductance and spin-flip conductance, i.e., GϭG sc ϩG s f , where the spinconserved and spin-flip conductances are G sc ϭG ↑↑ ϩG ↓↓ and G s f ϭG ↑↓ ϩG ↓↑ , respectively. We point out that in our simulation the injected current is unpolarized since the ideal leads are nonmagnetic, however by analyzing the spinresolved conductances we can study the spin-relaxation and diffusion phenomena which would be observable when the injector and detector are magnetic. Note that is also possible to obtain such information without magnetic leads, by polarizing and analyzing the electron gas optically. Figure 1 depicts the conductance and spin-resolved conductance for different spin-quantization axes as a function of length L x . The width of the channel is fixed and L y ϭ80a. The other parameters are L e ϭ122a and L sp ϭ104a. This set of parameters corresponds to the case ͑ii͒ discussed in the introduction. The behavior of spin-resolved conductance is different for different quantization axes since the system considered here is confined along the transverse y direction, and the effective Rashba field B ជ R (k ជ ) is almost parallel to the y axis, hence the spin polarization does not show the oscillation when the spin-quantization axis is along y ͑left panel in Fig. 1͒ . We note that the spin-diffusion length (L sd ) is larger than the spin precession length (L sp ). The right panel in Fig.  1 shows this clearly where G sc and G s f show oscillatory behavior as a function of length L x , for lengths larger than the spin precession length (L sp ϭ104a). The period of oscillation is given by L sp and since there are many such oscillations it implies that L sd is larger than the L sp .
14 In a recent model calculation by Silsbee 15 no such oscillation was found. The model used in Ref. 15 ignores spin memory between successive scattering events, while our calculation is exact and hence the spin memory between successive scattering events is taken into account which is a quantum effect.
An appropriate quantity which is suitable to study spin diffusion is the polarization of the transmitted electrons, defined as Pϭ (G sc ϪG s f )/G sc ϩG s f . From the definition it is clear that the polarization P lies strictly between ϩ1 ͑spin conserved͒ and Ϫ1 ͑spin flip͒. The polarization corresponding to Fig. 1 is shown in Fig. 2 . We see that the polarization is always positive for spin-quantization axis y while for spinquantization axis z it shows oscillation of the largest amplitude. The amplitude of oscillation is different for different cases signifying that the spin-diffusion length is anisotropic. 11 This implies that for the Datta-Das 10 spin transistor a larger current modulation will be obtained as a function of gate voltage when the magnetization direction of injector-detector ferromagnets is parallel to the z axis. 16 Figure 3 illustrates the point that to preserve spin polarization one needs to confine electrons to a width of the order of the mean free path and not to tens of the mean free path as claimed from real-space Monte Carlo simulation. 17 The mean free path (L e ) for Fig. 3 is 30a ; we see that the polarization for channel widths (L y ) 30a, 50a, and 80a decays much faster as a function of channel length compared to the channel widths 10a, and 20a, which are less than the mean free path. This corresponds to the quasiballistic case, i.e., the case ͑ii͒ discussed in the introduction. Also the polarization remains almost unchanged corresponding to channel width 10a, which is consistent with the one-dimensional limit exhibiting no spin depolarization, since all rotations are along one axis and are commuting. 18 Now we present the result for the regime ͑i͒ discussed in the introduction where L sp ӷL e so that during free flight electron polarization precesses by an angle smaller than . The results are shown in Fig. 4 , where we have plotted polarization for spin-quantization axis y for different mean free paths as a function of spin precession length L sp .
We see in Fig. 4 ͑left panel͒ that as we reduce the mean free path while keeping the spin precession length fixed we observe an enhancement of the polarization P, or in other words polarization decay is reduced, i.e., disorder helps to preserve spin polarization. For so /tу0.02, in the quasiballistic regime, polarization is enhanced as we increase so /t FIG. 1. Conductance ͑solid line͒, spin-conserved conductance ͑dashed line͒, and spin-flip conductance ͑dot-dashed line͒ as a function of channel length. The spin-quantization axis is along y for the left panel and along x axis for the right panel. The model parameters are E f ϭ1.1t, L y ϭ80a, Wϭ0.5͉t͉, and so ϭ0.03͉t͉.
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as is seen from the Fig. 4 right panel ͑curve corresponding to L e ϭ120a). This corresponds to the case ͑ii͒ (L sp /L e Ӷ1) discussed in the introduction, though the conditions are opposite to that of case ͑i͒ which is a motional narrowing regime. Hence in the diffusive case spin polarization is enhanced as we increase the dimensional parameter L sp /L e ӷ1 ͑Fig. 4, left panel͒ while for the quasiballistic case spin polarization is enhanced when L sp /L e Ӷ1 ͑Fig. 4, right panel͒. In this sense these two opposite regimes behave similarly.
Thus encouraged by the results we study the spin diffusion as a function of Fermi energy. A motivation comes from the simple observation that the mean free path in two dimensions behaves like L e Ϸͱ(E f )/͓N 2d (E f )W 2 ͔; any deviation from nonparabolicity in the band will effect the density of states and therefore the spin relaxation. Near the band edges, where the energy band can be well approximated by parabola, the mean free path increases as Fermi energy is increased since N 2d (E f ) is constant, however, as one approaches the band center N 2d (E f ) starts to diverge logarithmically ͑Van Hove singularity͒; this in turn causes the mean free path to decrease. This is due to nonparabolicity of the energy band and in recent experiments by Hu et al., 4 it was reported to cause a reduction in the RSO coupling so by 25%. The reduction in so due to nonparabolicity is encouraging since it will increase the spin precession length which can only help to push the parameters in the regime ͑ii͒ discussed in the introduction. From the discussion above we see that as we move away from the band edges, initially the mean free path will increase and then start to decrease, and will be shortest at the band center. Though the presence of disorder will weaken the singularity in the density of states, the density of states still remains peaked at the band center as reported recently in Ref. 19 . Hence enhancement of spin coherence, i.e., polarization, should be maximum at the band center. This is clearly seen in Fig. 5 , where we have plotted polarization as a function of Fermi energy for different strengths of disorder, where so /tϭ0.02 or the equivalent spin precession length is L sp ϭ157a. We notice that in the middle of the band, polarization enhancement is largest compared to the ballistics case even for the weak disorder, i.e., W/tϭ0.5 and 1.0. This is in agreement with the fact that densities of states are peaked at the band center. 19 In the energy window Ϫ2рE F /tр2 we are always in the regime of infinitesimal rotations, i.e., L sp /L e ӷ1, hence polarization is enhanced compared to the ballistic case irrespective of disorder strength. Beyond Ϫ2рE f /tр0 the curve for W/tϭ2.0 shows an increase in polarization. This is expected since an increase in disorder only helps to decrease the mean free path. This is in agreement with heuristic arguments presented above. So from this curve we can safely draw the conclusion that as we move away from the band edge, polarization will decrease initially and then will start to increase again it reaches the band center, i.e., polarization shows a nonmonotonic behavior as a function of Fermi energy. This nonmonotonic behavior should be seen with reference to recent experiments on n-type GaAs, 20 where the observed spin lifetime shows a nonmonotonic behavior as a function of carrier density. In this experiment carrier density was controlled through doping, which increases the Fermi energy and reduces the mean free path. However the results of Ref. 20 are for three-dimensional bulk material, hence we cannot make a direct comparison with the experimental result. Another interesting conclusion which can be drawn from Fig. 5 is that in the diffusive case spin polarization can be preserved even for wide channels. This is clearly illustrated in Fig. 5 where all the curves in the presence of disorder lie above the curve for the ballistic case in the range Ϫ2рE f р2. This might have an important implication for the Datta-Das spin transistor, 10 since it removes the stringent criterion to confine electrons in one dimension.
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